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To understand the recently established unique magnetic and superconducting phase diagram of
LaFeAsO1−xHx, we analyze the realistic multiorbital tight-binding model for x = 0 ∼ 0.4 beyond the
rigid band approximation. Both the spin and orbital susceptibilities are calculated in the presence of
the Coulomb and charge quadrupole interactions. It is found that both orbital and spin fluctuations
strongly develop at both x ∼ 0 and 0.4, due to the strong violation of the rigid band picture
in LaFeAsO1−xHx. Based on this result, we discuss the experimental phase diagram, especially
the double-dome superconducting phase. Moreover, we show that the quadrupole interaction is
effectively produced by the vertex correction due to Coulomb interaction, resulting in the mutual
development of spin and orbital fluctuations.
PACS numbers: 74.70.Xa, 74.20.-z, 74.25.Dw
Since the discovery of high-Tc superconductivity in
Fe-based superconductors [1], its pairing mechanism has
been studied very intensively. In unconventional super-
conductors, the phase-diagram in the normal state gives
us very important hints to understand the mechanism
of superconductivity. In many heavy fermion supercon-
ductors, for example, the superconducting (SC) phase is
next to the magnetic ordered phase, indicating the occur-
rence of spin-fluctuation mediated superconductivity. In
Fe-based superconductors, in contrast, the ferro-orbital
order occurs in the orthorhombic phase [2, 3], and the
structure or orbital instabilities are realized in the nor-
mal state [4, 5], in addition to the magnetic instability.
Based on this fact, both the spin-fluctuation mediated
s±-wave state [6–9] and the orbital-fluctuation mediated
s++-wave state [10–12] have been discussed. The former
(latter) SC gap with (without) sign reversal is induced
by repulsive (attractive) interaction between electron-like
and hole-like Fermi surfaces (FSs).
Recently, very unique phase diagram of H-doped
LaFeAsO, LaFeAsO1−xHx, is determined in Ref. [13]:
The structure and magnetic transitions in mother com-
pound are replaced with the SC phase at x ∼ 0.03, and
interesting double-dome structure of Tc is obtained be-
tween x = 0.03 and . 0.5. This fact may indicate
that the two different pairing mechanisms are involved
in under- and over-doped regions. The maximum Tc of
the first (second) dome is about 25 K (40 K) at x ∼ 0.1
(x ∼ 0.35). For x > 0.4, recent NMR measurement [14]
detected the incommensurate magnetic order, in addition
to the highly anisotropic electric field gradient that indi-
cates the occurrence of the non-magnetic orbital order.
In LaFeAsO1−xHx, the electron filling per Fe is n =
6+x since each H-dopant becomes H− ion, and therefore
the electronic states are expected to be similar to those of
LaFeAsO1−xFx [13]. Based on this fact, the band struc-
ture and FSs for x = 0 ∼ 0.4 had been derived from the
local-density-approximation (LDA) band calculation us-
ing the virtual crystal approximation in Ref. [13]. It is
found that the rigid band picture is no more valid, since
the band structure is strongly modified with increasing
H-doping. The derived realistic band structure now en-
ables us to perform quantitative theoretical study of the
pairing mechanism of 1111 systems.
In this paper, we study the electronic and SC states
in LaFeAsO1−xHx for x = 0 ∼ 0.4, by constructing
the realistic multiorbital models beyond the rigid band
approximation. Using the random-phase-approximation
(RPA), both the spin and orbital susceptibilities are cal-
culated in the presence of the Coulomb interaction U
and charge quadrupole interaction g. Assuming mono-
tonic x-dependencies of these interactions, strong spin
and orbital fluctuations are obtained for both x ∼ 0 and
x ∼ 0.4. Based on this result, the origin of the double-
dome structure of Tc in LaFeAsO1−xHx is discussed, by
applying both the orbital-fluctuation mediated s++-wave
scenario and spin-fluctuation mediated s±-wave one. We
discuss that g is effectively induced by the vertex correc-
tion (VC) of the Coulomb interaction beyond the RPA.
In LaFeAsO1−xFx, the spin fluctuations observed by
NMR and neutron inelastic scattering are very small
in slightly over-doped compounds (x ∼ 0.08). In the
over-doped compound with x = 0.14, Tc increases from
20K to 43K by applying 3.7GPa, irrespective that 1/T1T
remains very small independently of the pressure [15].
These facts indicate the weak correlation between Tc and
spin fluctuations. Moreover, impurity effect on Tc is very
small in both 1111 [16, 17] and 122 [18, 19] compounds,
indicating the realization of the s++-wave state [20, 21]
or s± → s++ crossover [20, 22]. Unfortunately, these ex-
2periments on LaFeAsO1−xHx have not been performed.
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FIG. 1: (Color online) (a) Band structures for x = 0 (solid
line) and x = 0.4 (dashed line) in the present model. (b) FSs
for x = 0 and (c) FSs for x = 0.4. The weights of xz-, yz- and
xy-orbital on the Fermi surfaces are represented by diameter
of green-, red-, and blue-circles, respectively. (d) Weight of
orbitals on the Fermi surface around X point for x = 0.4 as
a function of azimuthal angle θ. (e) FSs for n = 6.4 given by
the rigid band model for LaFeAsO.
Here, we perform the LDA band calculation for
LaFeAsO1−xFx for x = 0 ∼ 0.4 using WIEN2K code,
with virtual crystal approximation, in which the oxy-
gen sites are substituted for virtual atoms with a frac-
tional nuclear charge. In the full-potential LDA, the
virtual crystal approximation works when the core elec-
trons of the original atom and those of the substitutional
atom are the same. We use the crystal structures of
LaFeAsO1−xHx reported in Refs. [23]. Next, we derive
the two-dimensional five-orbital tight-binding models for
each x using WANNIER90 code and WIEN2WANNIER
interface [24]: Hˆ0 =
∑
klmσ h
l,m
k
c†
klσckmσ, where l,m =
1− 5 represent the d orbitals with the order 3z2− r2, xz,
yz, xy, and x2 − y2: Here, we set x and y axes parallel
to the nearest Fe-Fe bonds.
Figure 1 (a) shows the band structures of
LaFeAsO1−xFx in the present model. It is obvious
that band structure for x = 0.4 cannot be reproduced
by the rigid band shift from that for x = 0. The
corresponding FSs are shown in Fig. 1 (b) and (c).
Here, β1 and β2 are the electron-pockets, and α1, α2 and
γ are the hole-pockets, both of which are composed of
the three xz-, yz- and xy-orbitals: The orbital character
of the electron-pocket for x = 0.4 is shown in Fig. 1 (d).
In the case of x = 0, the electron-hole (e-h) FS nesting
with the nesting vector Q = (π, 0), (0, π) is the most
important. On the other hand, in the case of x = 0.4,
electron-electron (e-e) FS nesting Q ∼ (π, π/3), (π/3, π)
is more important since the hole pockets become very
small. In both x = 0 and x = 0.4, both the intra-orbital
nesting (mainly xy) and inter-orbital nesting (between
xz/yz and xy) are important. Then, the former (latter)
nesting gives rise to the strong spin (orbital) fluctuations,
as discussed in Ref. [10].
Fig. 1 (e) shows the FSs for n = 6.4 given by the
model parameters for x = 0 (LaFeAsO). In this “rigid-
band approximation”, the hole pockets disappear, and
the e-e FS nesting is worse since the shape of the electron-
pockets are more rounded.
Next, we explain the interaction term. We intro-
duce both the Coulomb interaction (U , U ′, J , J ′) and
quadrupole interaction (g). The latter interaction is
Vquad = −g(ωl)
site∑
i
(
Oˆixz ·Oˆ
i
xz + Oˆ
i
yz ·Oˆ
i
yz + Oˆ
i
xy ·Oˆ
i
xy
)
,
(1)
where ωl = 2lπT and g(ωl) = g · ω
2
c/(ω
2
l + ω
2
c ): g = g(0)
is the quadrupole interaction at ωl = 0, and ωc is the
cutoff energy. OˆΓ is the quadrupole operator [10], which
has many non-zero off-diagonal elements. By introduc-
ing small g (∼ 0.2eV), strong Oxz,yz-type antiferro-
quadrupole fluctuations are caused by the good inter-
orbital nesting, as explained in Ref. [10].
Now, we perform the RPA for the present model at
T = 0.02eV, by assuming that J = J ′ and U = U ′ + 2J ,
and fix the ratio J/U = 1/6. We use 64 × 64k meshes
and 512 Matsubara frequencies. We set the unit of energy
as eV hereafter. The spin (orbital) susceptibility in the
RPA is given by
χˆs(c) (q) = χˆ0 (q)
[
1ˆ− Γˆs(c)(ωl)χˆ
0 (q)
]−1
, (2)
where q = (q, ωl), and Γˆ
s(c) is the interaction matrix for
the spin (charge) channel composed of U,U ′, J, J ′ and
g(ωl) [10]. χˆ
0 (q) = − T
N
∑
k Glm (k + q)Gm′l′ (k) is the
irreducible susceptibility, where Gˆ(k) = [iǫn+µ−hˆk]
−1 is
the bare Green function, and ǫn = (2n+1)πT . The mag-
netic (orbital) order is realized when the spin (charge)
Stoner factor αs(c), which is the maximum eigenvalue of
Γˆs(c)χˆ(0)(q, 0), is unity.
Now, we study the development of the spin suscep-
tibility by U , by putting g = 0. Figure 2 shows the
total spin susceptibility χs(q, ω = 0) ≡
∑
l,m χ
s
ll,mm(q)
for x = 0, 0.14, 0.24, 0.4, by choosing the U to realize
αs = 0.98. For (a) x = 0, χ
s(q) has commensurate
3peaks at q = (π, 0) and (0, π) due to the e-h FS nesting.
These peaks change to incommensurate for (b) x = 0.14,
reflecting the size imbalance between electron- and hole-
pockets. As increasing the doping further, the e-e FS
nesting and e-h FS nesting become comparable. Because
of the fact, χs(q) for (c) x = 0.24 shows the double-peak
structure. For (d) x = 0.4, χs(q) shows the incommen-
surate peak structure due to the e-e FS nesting only.
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FIG. 2: (Color online) q-dependence of χs(q) with αs = 0.98
for (a) x = 0, (b) x = 0.14, (c) x = 0.24 and (d) x = 0.4.
Figure 3 (a) shows the x-dependence of Uc, which is
the critical value of U for the spin order given by the con-
dition αs = 1. We stress that Uc in the present model is
much smaller than that in the rigid band model, reflect-
ing the good e-h (e-e) FS nesting for x < 0.24 (x > 0.24)
in the present model. Moreover, Uc takes the maximum
value at x ≈ 0.1, and monotonically decreases by depart-
ing from x ≈ 0.1. For this reason, we can explain the
magnetic orders at x ∼ 0 and 0.4, by assuming a simple
monotonic x-dependence of the interaction: Here, we in-
troduce U¯(x) by the liner interpolation between Uc for
x = 0 and that for x = 0.4, as shown in Fig. 3 (a). The
x-dependence of U¯(x) might be explained by the change
in the Kanamori screening, since the density of states at
the Fermi level, N(0), increases by 30%, by changing x
from 0 to 0.4.
We also analyze the SC state using the linearized
Eliashberg equation:
λE∆ll′ (k) = −
T
N
∑
k′,mi
Wlm1,m4l′(k − k
′)G′m1m2(k
′)
× ∆m2m3(k
′)G′m4m3(−k
′) + δΣall′ (ǫn),(3)
where ∆ll′(k) is the gap function, and λE is the eigen-
value that reaches unity at T = Tc. When T is fixed,
the larger value of λE would correspond to the higher Tc.
Here, Wˆ is the pairing interaction given by the RPA,
(Gˆ′)−1 = (Gˆ)−1 − δΣˆn is the normal Green function
with impurity-induced normal self-energy δΣˆn, and δΣˆa
is the impurity-induced anomalous self-energy. The ex-
pressions are given in Ref. [10]. Hereafter, we put the
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FIG. 3: (Color online) (a) Uc in present models (solid line)
and that in the rigid band model (dotted line) against x for
g = 0. U¯(x) is determined by liner interpolation between Uc
for x = 0 and that for x = 0.4. (b) Obtained λE for the
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0 0.2 0.40.2
0.22
0.24
0 0.2 0.40
1
2
3
0.85
0.9
0.95
1
orbital order
x
λ E
g 
[eV
]
s++−wave(a) (b)
x
g(x)
αc
α
c
gc
0.02eV
0.2eV
(nimp= 0%)
0.4eV
ωc=1.0eV
e−h e−e
gc (rigid band)
−
FIG. 4: (Color online) (a) gc in present models (solid line)
and that in the rigid band model (dotted line) against x for
U = 0. g¯(x) is determined by liner interpolation between gc
for x = 0 and that for x = 0.4. (b) Obtained λE for the s++-
wave state with ωc = 0.02 ∼ 1 (nimp = 0). The x-dependence
of αc is also shown.
orbital-diagonal on-site impurity potential as I = 1. Fig-
ure 3 (b) shows the obtained λE as a function of x. We
see that λE has two peaks at both x = 0.04 and x = 0.36
since χs(Q) develops toward x → 0 and 0.4. Then, the
double-dome behavior of Tc in LaFeAsO1−xHx would be
explained, since Tc at both boundaries will be suppressed
by the magnetic and orbital orders. At x ≈ 0.4, the
strongest spin fluctuations are mainly induced by the e-e
FS nesting with Q ≈ (π, π/3) shown in Fig. 1 (c). Using
these fluctuations, s±-wave like pairing is obtained since
the xy-orbital hole-pockets exist even at x = 0.4. How-
ever, the SC gap of the electron-pockets becomes highly
4anisotropic since the spin fluctuations of xz/yz-orbitals
are very small.
Although the d-wave state is expected if the hole-
pockets disappear [25–27], the relation λE(s±-wave) >
λE(d-wave) is realized for x ≤ 0.4 in the present study.
In both states, λE is quickly suppressed when the impu-
rity concentration nimp is finite, meaning that the s±-
and d-wave states are fragile against impurities.
In the next stage, we study the development of the
orbital susceptibility by g, by putting U = 0. Figure 4
(a) shows the x-dependence of gc, given by the condition
αc = 1. Similarly to Fig 3 (a), we introduce g¯(x) by liner
interpolation between gc for x = 0 and that for x = 0.4 in
Fig. 4 (a). Then, the orbital ordered states are realized
for both x ∼ 0 and x ∼ 0.4. The obtained χc2424(q) by the
RPA for x = 0.4 is shown in Fig. 5 (a). The strong orbital
fluctuation at x ∼ 0.4 would originate from the fact that
the t2g orbitals degenerate [13], and the relationNxz(0) =
Nyz(0) ≈ Nxy(0) at x ∼ 0.4. Experimental T -linear
resistivity at x ∼ 0.4 would originate from the critical
development of orbital and spin fluctuations [28, 29].
We also study the orbital-fluctuation-mediated s++-
wave state for g = g¯(x): Figure 4 (b) shows the obtained
λE as a function of x. Thus, double-dome behavior of
Tc is explained by the orbital fluctuations. The value of
λE increases for larger cutoff energy ωc: In Ref. [10],
we put ωc = 0.02 since we considered the quadrupole
interaction due to the Fe-ion oscillations. However, ωc
for the effective quadrupole interaction due to VC [12]
depends on the electronic state and not unique. In both
cases, we should use larger ωc since the used temperature
(T = 0.02) is much higher than the real Tc.
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FIG. 5: (Color online) (a) χc2424(q) given by the RPA us-
ing the quadrupole interaction in Eq. (1) for αc = 0.98 (b)
χc2424(q) given by the SC-VC method using the Hubbard in-
teraction for αc = αs = 0.98.
Finally, we explain that the spin and orbital fluctu-
ations mutually develop by taking the VC into account,
as actually observed in various Fe-based superconductors
[4, 14]. Beyond the RPA, χˆ0(q) in Eq. (2) is replaced
with χˆ0(q) + Xˆs(c)(q), where Xˆs(c) is the VC due to the
Coulomb interaction for the spin (charge) channel. In
Refs .[12, 30–32], we have shown that the Aslamazov-
Larkin-type VC gives the large mode-coupling between
spin and orbital, and then the strong orbital fluctua-
tions are triggered by the spin fluctuations. This mode-
coupling corresponds to the Kugel-Khomskii type spin-
orbital coupling in the localized picture [33].
Figure 5 (b) shows the strong development of antiferro-
orbital fluctuations, χc2424(q) ≫ 1, given by the SC-VC
method for x = 0.4, U = 1.1, J/U = 0.073 and g = 0.
Therefore, the RPA analysis using U¯(x) and g¯(x) is jus-
tified by the SC-VC theory. We have recently developed
the SC-VCΣ method, in which both the self-energy and
the VC are taken into account [34]. Using this method,
the s++-wave state can be realized for realistic param-
eters (J/U ∼ 0.1) for x ∼ 0 even for g = 0. It is an
important future problem to analyze the present model
using this method.
In summary, we have explained the reappearance of
the spin and orbital orders in LaFeAsO1−xHx at x ∼ 0
and x ∼ 0.4. Both spin and orbital orders originate from
the commensurate e-h FS nesting for x ∼ 0, and incom-
mensurate e-e FS nesting for x ∼ 0.4. Due to strong
spin and orbital fluctuations at x ∼ 0 and 0.4, both
the spin-fluctuation mediated s±-wave state and orbital-
fluctuation mediated s++-wave state can be realized, de-
pending on the magnitude relation of these fluctuations.
Since small impurity effect on Tc for the first SC dome
[16, 17] indicates the s++-wave state, the s++ → s±
crossover will occur with doping, in case that the second
SC dome is the s±-wave state [10]. Thus, the impurity
effect study for x ∼ 0.4 is highly required.
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